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in the stress s, . The applied theory introduces a discrepancy of the same order as the
quantity being considered in calculating the stress T, in the slab bending case,
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A method is presented for asymptotic integration of equations in the theory of shells
{convex shells are examined) for the case where the free terms in the equations consist
of a Dirac delta function or its derivatives, These solutions, which are solutions repre~
sented by a function of the Green type, correspond to the action of concentrated forces
or moments on the shell,

At first the analysis is carried out for one equation and then it is shown how the obtain-
ed results are extended to the system,

1, Let us examine the linear differential equation containing the small parameter &
which appears in the theory of shells as the relative thickness
S Mw +L@w)=2 (1.1)

Here M and L are elliptic differential operators with variable coefficients and highest
derivatives of orders 2m and 2I, m > I ,respectively, Without any loss we can write
s=2(m— 1.

In the theory of shells the order of operators' M and L are equal to 2m = 8 and 21 =4;
however, all arguments will be carried out for arbitrary m and 4 Since the dimension
of the space n does not have any significance with respect to the presented arguments,
we shall carry them out for any arbitrary even n {the case of uneven » is examined in
an analogous manner),
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For this equation we shall construct a solution making use of the method of asymptotic
integration [1- 3], Such solutions are called fundamental, and the basic content of this
work consists in the adaptation of the rigorous process of the asymptotic method to the
construction of these solutions,

The method of asymptotic integration consists of the following: the solution is repre-
sented in the form of a sum of two solutions of the so-called slowly varying fundamental
type and solutions of the edge effect type [1] (in papers [2 and 3] the latter are referred
to as boundary layer). Both types of solutions are expanded in a series with respect to the
small parameter, and a recursion system of equations is constructed for terms of the series,
The process of construction of approximations of the fundamental solution is called the
first iteration process, the analogous process for rapidly changing solutions is called the
second iteration process,

Let us construct these processes for determination of solution of Eq, (1, 1), Solutions of
the second process just as solutions of the edge effect type must have a local character
and must decrease rapidly with distance from the singular point, Such solutions will be
referred to as local solutions,

Below, some properties of generalized homogeneous and adjoined homogeneous func-
tions will be needed, We shall designate them by one letter P;(the subscript ¢ being
equal to the degree of the function), The necessary information about these functions is
presented in monograph [4],

A homogeneous function of the 7th degree will be regular if all its derivatives of the
order greater than ¢ are equal to zero, Otherwise it will have a singularity at zero, Such
a function will be called a singularity of the ith degree, All functions of the degree
i <0 will be singularities,

1f some function has a singular point and in the vicinity of this point it is expanded in
a series with respect to homogeneous (adjoined) functions, then the singularity of the
lowest degree will be called the principal one,

The structure of the fundamental solution of the differential equation of the elliptic
type is described in papers [5 and 6], It is shown that the solution can be represented in
the form of a sum of a singular and regular part, where the singular part is expanded in
a series with respect to singularities the principal of which has the degree 2m — n (2m
is the degree of the equation),

2, As a preliminary, let us examine the equation with constant coefficients which is
obtained by retaining in Eq.(1. 1) in operators .M and L only terms with higher deriva-
tives by equating coefficients to their values at the point z = 0, i. e, the singular point

of the right side of the equation e Mymo W) + Laje (@) =8 2.1)
The solution of the equation with constant coefficients is simply determined with the
aid of plane waves [4] E =015 4 ... +0a2,
where w ¢ are the components of the unit vector of the normal to the plane { = const.
The Dirac function & (z) is represented in the following manner [4]:
() = cS I8/ do, ¢ = (—1)"3 21~ (r — 1)!

-

Here @ is the unit sphere, dw is its element, This representation permits to find the
solution of Eq,(2, 1) in the form
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w _—.S ® () do 2.2)
“w
and to reduce the problem to the solution of the following ordinary differential equation:

e’ Iuom(zm) + m(ﬁ) —=c ! E '-'\

Here Mo and Lg are constants which depend on parameters w ; and are determined by
operators M,,, oand Ly o in the transformation to the variable §. The solution of this
equation consists of the sum solutions ®¢ and ®, of the following equations

LO =c|E™,  LOP™ + e MU0 = —c(E[)E™D (23)

If in the right side 2m — 41 < 0, the differentiation is replaced by integration, In this
manner the initial equation separates into two, The first one does not contain the small
parameter and corresponds to the degenerate equation € = 0, the second equation con-
tains the small parameter, The solution of Eq,(2.3) can be constructed with the aid of
the fundamental solution of the Pth equation and the latter is easily determined [4]. A
fundamental solution of Eq.(2. 3), decreasing for | §| — oo such as is needed for the con-
struction of the local solution, exists and is unique only when half of the roots A in the
characteristic equation LA™ " 4 g-#M,1[,2 =0 has a positive real part and half neg-
ative, This condition is analogous to the condition of solutions of the edge effect type
[1-3]. For equations of shells it is always satisfied, The solution for ¥ was constructed
in paper [7], The solution of equation @, is determined by convolution

@y = — cWe(]§ 7)™

The solution of Eq,(2, 1) will be

w:u"-{-w‘:—.S Dy dw + S D, do
w @

The function w* for r = (2,2 + ... L 2,2)* = > can be presented in the form

u*=2¢e'P +0 (e""Px_l). x=2m—4l—n (2.4)

It grows if x> 0 and decreases if x < 0, but it has the coefficient &® and in some
region r > ro (the quantity ro is discussed below) it is small in magnitude. Consequently,
with some accuracy it can be neglected with respect to w'.

It is readily seen that the found solutions «’ and w* satisfy the equations

Lyo(u) =8, e'M,, oLy o L(u*) +ut=—¢'L, o"M,,,,‘ 0 8)

The operator L-* is the inverse if L*. It was shown with this example how it is formally
possible to approach the splitting of the initial equation into two, and to separate the
equation which determines the local solution, The solution of the second apparently com-
plex equation can be constructed by the method of plane waves, In fact, the fundamental
equation obtained by this method can be written in the following manner :

G= cS ¥'e £ " do, V' =e'ML%Y (2.5)
(]
With the aid of this function the local solution w* is written differently
w=— e’GoLﬂ. o Mam o 4) (2.6)
In this manner the fundamental solution of Eq,(2, 1) can be constructed in steps; at
first itis determined for the degenerate equation, assuming € = 0. The principal singular-
ity of this solution will be of the type P, n, while the singularity of the initial equation
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must be P,,,_n. This discrepancy is removed by adding the solution w*, which according
to (2, 2) and (2, 3) has the same principal singularity as the solution w’, but with the op-
posite sign, In fact, this can be seen if in the vicinity of the singular point the solution
of Eq, (2. 8) is obtained in the form of a power series in § and then in'tegration is carried
out over the sphere @. The solution w = w’ 4 w* will be the desired one with the requi-
red principal singularity,

The solution of Eq.(2. 1) with constant coefficients can be represented in a different

form which is more convenient for generalization to the case of variable coefficients
k

w=w'+w‘=2 el +10p® 2.9
i=0
if the functions w;’ which satisfy the following recurrent system of equations:
Ly o (@) =08, Ly (@) =—Msm (@), i=014,....k—1
On the right side are the derivatives of generalized functions determined in [4], From
the condition that w be a solution of Eq, (2. 1) the following equation is obtained for the
function ©y*: e My o (@01%) 4 Ly o (%) = — 6T ()

Dividing the right and the left sides of this equation by the operator L,;,¢ according
to the method described above, we arrive at the equation

e M, Lo oL (0% R0y = — N, Ly 7 k) (2.8)

The local solution of this equation according to (2, 6) has the form

wy* == — e TGN, Ly o ()

The right side of Eq. (2. 8) is a homogeneous function of degree y = 21--a—2k(m—1),
The behavior of the function @,* for r —+ o0, as follows from the equation, is determined

s functi ie. .
by this function, i, e wy® = E(Hl)xp_( + e*+2180 (P,

If for k = O the function w,* increases when r —» <o, then for k > (2! — n) /s the func-
tion w,* will be decreasing and in this case the parameter ks enters into it with the power
ks. Consequently, with increasing number of steps the local solution has more and more
local character, i, e, it decays more intensively with distance from the singular point,

It can be easily seen that the principal singularity of solution w will be the required one
because, although the principal singularities of approximations u;’ increase with increas-
ing number, the structure of solution wy® is such that "superfluous” singularities of func-
tion w’ enter into w* with the same coefficients but with opposite sign and are mutually
eliminated in summation, This statement is verified by direct construction of functions
w’ and w*,

In this manner the fundamental solution of Eq. (2. 1) is represented in the form of a
sum of functions ¢’ and w* which in analogy with [1-3] will be referred to as slowly
varying and rapidly varying, respectively,

8, Now let us turn to the fundamental problem of determination of solution of Eq.
(1. 1).
The first process is formally constructed exactly in the same manner as in papers [1—

=3] W= -e'wy -4 Bk'll"' -+ R (3.1)
L(w') =9, Lwia)=— M) i=01,.., ,k -1



1104 G. N, Chernyshev

The series converges asymptotically everywhere with the exception of some region in
the vicinity of the singular point in which it diverges because the order of the principal
singularity of each subsequent approximation decreases,

By means of the second process we shall eliminate these discrepancies in the singular-
ities of approximations of the first process and the divergence of the series in the vicinity
of the singutar point, Equations of the second process determine the rapidly varying part
of the solution, the derivative of which is considerably greater than the function itself,
i.e. gw*/ dzy ~ €1 w*. This relationship determines the form of equations of the second
process,

In the vicinity of the singular point the variability of singularities may be great, In
fact, on differentiation of such functions the degree of homogeneity decreases by one
dP; | 9z; ~ r-\P;. For r<£ & the inequality dw*/adzy > e w* {s satisfied, i. e, instead of
the first relationship used for the construction of the second process, a more stringent
condition is satisfied, It is possible, however, to show that equations constructed for deter~
mination of solutions which satisfy the first condition include solutions which satisfy the
more stringent second condition, Therefore, let us construct the second process formally
in the same manner as it was done in papers [1—3], i. e, let us expand the coefficients
of Eq.(1, 1) in the vicinity of the singular point in a Taylor series

2m » 2l
Na)=e D N M)+ D) Z L;@)=35 (3.2)
i=0 j=0 =0 j=0

Here the first index ¢ indicates the order of the derivative in the operator, the second
index j gives the degree of homogeneity of coefficients in this operator, Let us take k
approximations of the first process and let us separate out the singular part W of this solu-
tion representing it in the form of a series with respect to singularities and let us write

i i . k-1 .
flfst terms Of the series W= 8'ISI)Y + ekSPY‘l + e .+ e( )apy."(ny—[)'.-*-' .

In the vicinity of the singular point the solution w* in summation with W must annihi-
late the singularities which are written out, Let us represent the solution w in the form

. £
of the series o — E o+ R 0.3)
i=0
considering that each subsequent approximation is e times greater than the previous one,
The sum of functions w* and W must satisfy Eq,(3,2) near the singular point, Substi-

tuting this sum into (3,2) we obtain (%) = — N (W) + &

We substitute (3, 3) into (3, 2) and equate terms of equal order with respect to magni~-
tude, If in the process of equating it is taken into account that in the vicinity of the
singular point the inequality Py > P;+1 holds (singularities of different degrees with
respect to magnitude cannot be compared with each other and cannot appear in the same
equation), we obtain the following recursion system of the second process for determina-
tion of approximations wy®*:

€M o (0°) + Ly o (00*) = — B VM, (P

5y, o (01%) + Ly (02%) = — &My, (00%) — Ly, (%) — €My o(96%) —
- L:l-x. o (@) — gt [Mzm. 1 (PY) + M:m—x. 0 (P*) + M,,,,. 0 (P'hl)l’ ce (3.4)

On the left in all equations is the familiar (see 2) differential operator with constant
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coefficients, on the right is the function which is known at each stage,

Elimination from functions of operator Ly, which gives the slowly varying parts of
solutions, is accomplished by method 2, The local solution of equations is determined
for example by the convolution of fundamental solution (2, 5) with the right sides, There
are no principal difficulties in the solution,

Let us write the system of equations obtained for the first and second processes

L(u%'):&, L(w‘fl’)z_M(w")' i=0: i: 20---.k—"
Ly My o (0?) twft=F; j=1.2,...,p (3.5

Here Fj are the first parts of system (3, 4) multiplied by operator Lya™. The solution
of Eq.(1, 1) will be k )

w— 2 e*'w( 4 2 w®+ R 3.6)
i=0 {=0

It is now easy to see that "superfuous” singularities in solution w’ are annihilated by
solution 1*. This occurs in such a manner that the first approximation wy* eliminates the
principal singularity at once in all approximations w;’, the next approximation u1* elimi-
nates the next singularity also in all approximations (this is verified by direct construc-
tion of principal singularities in solutions w’ and w*, for example by the method of plane
waves), The number of iterations of the second approximation necessary for annihilation
of "superfluous” singularities in the approximations of the first process is equal to
2+ )(m—D+ 1.

Asymptotic convergence of solution (3, 6) with the exact solution is proven in a man-
ner analogous to the procedure for the edge effect [3], It is only necessary to clarify in
what region near the singular point is it necessary to adopt the solution in the. form(3, 6).
Outside this region it is necessary to neglect solutions of the second process,

It is evident from Egs, (3. 5) that with increasing distance from the singular point the
behavior of local solutions undergoes a series of changes: the solutions transform from
very rapidly varying and the &w® / dz; 3> ¢”'w* condition satisfying ones to rapidly vary-
ing ones (which are subject to the condition éw* / 8z; ~ £~%*), and finally they change
to slowly varying solutions for r — co , Here the parameter e enters to the (k - 1) s
power, i, e, for r — oo the approximations of the second process have a greater order of
smallness than the 4th approximation of the first process, In these discussions the con-
cept of r — oo must be understood conditionally and it must be assumed that 7 > ro.
The magnitude of radius r, can be given starting with the requirement that the function
on this boundary of the singularity be already sufficiently slowly varying,

For example, if & = 1:10°4, it is possible to take ro = 300 e . Then in the vicinity of
this boundary aP; / dz; ~ 10°P; > P;, consequently, inside the sphere of radius re the
singularities can be considered rapidly varying and therefore equations of the second
process are true, and the solution represented by series (3, 6) is applicable, On the bound=-
ary of the sphere the relationship e aP; / 6z; ~ 1072P; «& P; is satisfied, i, e, functions
Py are slowly varying and therefore outside the sphere the first process is convergent, and
the solutions of the second process becomes unnecessary,

In this manner the radius ro is determined by the magnitude of the small parameter
ro = te . Here in the selection of coefficients { the following inequalities must be

satisfied : 1>, o' >1

It is possible to find the number of fterations of the first and second processes inside
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the sphere of radius ro which are necessary so that the solution (3,6) will approximate
the exact solution with a preassigned asymptotic accuracy, The same thing can be done
for the iteration of the first process outside the indicated sphere, We shall not deal with
this here,

4, By the asymptotic method, the construction of the solution of a system of differen~
tial equations of the elliptic type (the degenerate system is of the same type) when the
right side contains é-functions or its derivatives, in principle does not differ from the
case of one equation examined above,

In fact, in this paper in the search for the fundamental solution of one equation the
first and second iterative processes were constructed such that in their form they weré
identical with iterations in the solution of boundary value problems [1—3], In paper [1]
the iterative processes were constructed for a system of equations in the theory of shells
applicable to boundary value problems, From the development of arguments presented
above for one equation it is possible to conclude that the process of construction of fun-
damental solutions of a system with the aid of the first and second processes is identical
1o the process developed in [1]. For this reason there is no need to repeat cumbersome
derivations which will only repeat what was done before,

The first process is repeated rigorously [1], Equations of the second process are con-
structed in the same manner as for one equation : the coefficients are expanded in a
Taylor series, the solution is presented in the form of a series analogous to (3,6) and then
together with the singular part of the solution of the first process it is substituted into the
system, By equating values of the same order of smallness the system is transformed into
a recursion system of systems of equations for determination of approximations of the
second process, where at each stage one and the same system of equations with constant
coefficients is solved, Here, of course, there are more difficulties than in the case of one
equation ; however they are purely technical,

We note that the approximations of the second process are determined independently
of boundary conditions and for any equation or system they can be determined once and
utilized for solution of various problems, It is only necessary that the singular point be
located at a distance ro form the boundary,
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Numerous problems of the theory of shells involve the solution of nonlinear boundary
value problems [1 and 2] and this is often a fairly difficult task, Below we show, that in
the number of cases numerical solutions of such problems are feasible,

Let us have the following system of differential equations with given boundary condi-
tons : dYp (2) [ dz =1 (Yn (2), g) )

where . (Yn(0) =0 for =0, $ (Y, (1) =0 for z=1 @

Yo (@) =1 (2)eey n(2), o= (f1sees fn)
@ (Yn (0)) = (01 (Y (0),..., 95 (Y (0))
% (Y, (’» = (§; (Yn (1))e-es ¥4 (Yn (1)), P+s=n 3)
Here ¢ is a parameter, and the type of solution depends on the numerical value of
this parameter,
Let us replace some of the conditions given in (3) by conditions formulated in an inte-
@ gral form, e, g,

g, (0 @) g, (01 L
- SF (Ya(2)dz+4=0 )
| 0
I |
I i | and let us introduce the following aux-
) Vool 0 3 ¢ illiary function;
7 f,"’ ’” x
e b o O na@={Faeeia )
| o
\ l If the integrand function is continu-
i ! 0,1 i
, | , | g ous on z & [0,1], we can write
4 g, dynaldz = F(Yy (2)), ypa 0) = 4,
910 y,(0) " ) Vna(1) =0 (6)
(@) m Considering now the problem in an
' : ( n 4- 1 )-dimensional space, we arrive
] oy at the problem which was formulated
[ AR ¢ s | 1 g above,
%, 4, 9%

Solution of the problem (1)—(3) is
Fig, 1 obtained as follows, Keeping ¢ = go



